The ab initio calculations suggest (Y. Ma et al.) , that the high-pressure (p = 200 GPa) superconducting state in BiH5 and BiH6 compounds characterizes with a high value of the critical temperature (TC ∼ 100 K). Due to the large value of the electron-phonon coupling constant (λ ∼ 1.2), the thermodynamic parameters of the superconducting phase in BiH5 and BiH6 have been determined beyond the mean-field approximation -in the framework of the Eliashberg equations formalism. We have calculated the dependence of the order parameter (∆) and the wave function renormalization factor on the temperature. Then we have estimated the free energy difference between the superconducting state and the normal state, the thermodynamic critical field (HC) and the specific heat of the superconducting state (C S ) and the normal state (C N Keywords: Hydrogen-rich materials, High-pressure effect, Electron-phonon superconductivity, Eliashberg theory, Thermodynamic properties
In 1935 Wigner and Huntington noted that hydrogen affected by the high pressure (∼ 25 GPa) should transit into a metallic state [1] . So far, it has been possible to experimentally demonstrate the metallization of liquid hydrogen for the pressure at 140 GPa, but the temperature was up to 3000 K [2] . In 2017 the information was spread that hydrogen metallization was observed at room temperature under the pressure at 495 GPa [3] . Unfortunately, this result has not been confirmed again.
In 1968 Ashcroft noted that the metallic hydrogen should be a high-temperature superconductor [4] . He gave the following arguments: first of all, hydrogen has the lowest atomic mass of the nucleus, which implies the Debye frequency (ω D ) of the crystal lattice of solidified hydrogen to be high; secondly, there are no electrons on the internal shells in the hydrogen atom, which favors a strong electron-phonon coupling. In the following years, thanks to the rapid development of computer technology, more detailed calculations were carried out. The hydrogen metallization pressure was estimated to be around 400 GPa [4, 5] . It has been suggested that in the molecular hydrogen phase, within the range of pressures from 400-500 GPa there should be a sharp rise in the critical temperature from approximately 80 K to about 350 K [6] [7] [8] [9] . Above the pressure at 500 GPa the numerical calculations suggest that the metallic molecular hydrogen should dissociate into the atomic phase [6] , whereas the * Electronic address: edrzazga@wip.pcz.pl critical temperature value should be within the limit from 300 K to 470 K [10] . In the literature on the subject there are also works analyzing the superconducting state of hydrogen for extremely high pressures (up to 3.5 TPa) [10] [11] [12] [13] [14] . The highest value of T C was foreseen at 630 K for p = 2 TPa.
Due to the very high value of the hydrogen's metallization pressure, in 2004 Ashcroft suggested to try to look for a high temperature superconducting state not in pure hydrogen but in hydrogenated compounds [15] . Induction of high temperature superconducting state in hydrogenated compounds should be supported by chemical precompression caused by heavier elements. The real breakthrough occurred only in December 2014, when Drozdov, Eremets, and Troyan have experimentally demonstrated the existence of a high-temperature superconducting state in H 3 S (T C = 203 K for p = 155 GPa) [16, 17] .
In the presented work, we have determined the thermodynamic properties of the superconducting state in hydrogenated compounds BiH 5 and BiH 6 . Due to the high predicted value of the electron-phonon coupling constant (λ BiH5 = 1.236 and λ BiH6 = 1.259 [18] ) we performed the calculations for both cases as a part of Eliashberg formalism [19] . A detailed description of Eliashberg equations and the computational methods used has been presented in the works [20] [21] [22] [23] [24] [25] [26] . The spectral function (α 2 F (Ω)) used in numerical calculations has been determined by Y. Ma et al. with an use of the density functional theory [18] . Additionally, 1100 Matsubara frequencies were taken into account, and the value of Coulomb pseudopotential (µ ⋆ ) equals 0.1. was adopted. The stability of the Eliashberg equations' solutions was obtained for a temperature higher or equal to T 0 = 20 K.
In Fig. 1 (a) we have plotted a temperature dependence of the order parameter. It was obtained as part of the imaginary axis formalism and using the equation:
where function of the order parameter on the real axis (∆ (ω)) was obtained using the method of the analytical extension, which has been described in detail in the paper [27] . We have obtained the following critical temperature values: T CBiH 5 = 103 K and T CBiH 6 = 100 K. It means that BiH 5 and BiH 6 compounds should belong to the family of high-temperature superconductors. Let us consider the order parameter ∆(T 0 ) = ∆ (0) estimated on the basis of the equation (1) . Hence the dimensionless ratio R ∆ = 2∆ (0) /k B T C equals 4.17 and 4.2, for BiH 5 and BiH 6 . respectively. Compared with the predictions of the BCS theory, these are very high values, because R ∆BCS = 3.53 [28, 29] . Please note that the above result comes from the existence of the significant retardation and strong-coupling effects. They can be characterized by the parameter r = k B T C /ω ln , where the quantity ω ln = exp
ln (Ω) denotes the logarithmic phonon frequency. For BiH 5 and BiH 6 compounds it was obtained r = 0.11. In the BCS limit we have r = 0 [30] .
Basing on the function of the order parameter on the real axis, one can determine the renormalized electronic density of states in the superconducting phase:
where we have assumed that the pair breaking parameter equals Γ = 0.15 meV. We have plotted the obtained results in the drawings Fig. 1 (b) and (c) . Note that the characteristic maxima of the determined curves are formed in points ω = ±∆. On their basis, one can experimentally analyze the evolution of the energy gap depending on the temperature. The exact form of the order parameter on the real axis is presented in the figures Fig. 2 (a)-(f) . When analyzing the case T = T 0 , it can be seen that in the range of the lower frequencies (ω < ω d = 85 meV) non-zero is only the real part of the order parameter. This means no damping processes that are modeled by a function Im [∆ (ω)]. It is also worth noting that as the temperature rises, ω d decreases significantly. Additionally, for illustrative purposes in drawings (g) and (h) we have plotted the values of the order parameter on the complex plane. In both analyzed cases, the values of ∆(ω) on the complex plane form characteristic spirals, whose radii decrease with increasing temperature.
The maximum value of the wave function renormalization factor on the imaginary axis relatively precisely determines the ratio of the effective mass of the electron (m ⋆ e ) to the electron band mass (m e ). However, the exact value of m ⋆ e /m e should be determined on the basis of the following formula:
Graphs of the ratio of the electron effective mass to electron band mass in the temperature range from 0 to T C , were collected in the drawing Fig. 3 . It can be seen that in both cases the effective mass takes values slightly higher than two. This result proves a strong renormalization of the electron band mass by the electron-phonon interaction. Additionally, the ratio m Basing on the solutions of the Eliashberg equations on the imaginary axis (∆ n and Z n ) we have calculated the free energy difference between the superconducting state and the normal state:
where ρ (0) denotes the value of the electron density of states at the Fermi level, ω n is the fermion Matsubara frequency, and symbols S and N refer respectively to the superconducting and normal (metallic) state. On this basis, the thermodynamic critical field can be estimated: and the difference in specific heat between the superconducting state and the normal state (∆C = C S − C N ):
wherein the specific heat of the normal state can be determined on the basis of the formula: functions assume similar values for BiH 5 and BiH 6 , compounds, which results from similar values of the electronphonon coupling constants. Additionally, it should be emphasized that the values of the thermodynamic critical field and specific heat cannot be correctly calculated within the framework of the mean-field BCS theory. To find out about this, let us estimate the dimensionless parameters R C = ∆C (T C ) /C N (T C ) and R H = T C C N (T C ) /H 2 C (0). For BiH 5 compound we have received R C = 2.54 i R H = 0.146, while for BiH 6 compound we have R C = 2.58 and R H = 0.146. Recall that the BCS theory gives accordingly 1.43 and 0.168 [28, 29] .
In summary, in the presented work we have determined the values of the thermodynamic parameters of the superconducting state in BiH 5 and BiH 6 compounds. The systems were located under the pressure at 200 GPa. We have shown that for the Coulomb pseudopotential's value of 0.1 the superconducting state with a very high critical temperature of the order of 100 K is induced in both studied compounds. Additionally, within the framework of Eliashberg formalism, we have determined the values of: the energy gap, the electron effective mass, the thermodynamic critical field and the specific heat of the superconducting state. Performed calculations prove that the thermodynamic parameters of the superconducting state in BiH 5 and BiH 6 compounds cannot be calculated correctly in the framework of the mean-field BCS theory.
